ON THE M-POWER RESIDUES NUMBERS SEQUENCE 
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Abstract The main purpose of this paper is to study the distribution properties of m-power 
residues numbers, and give two interesting asymptotic formulae. 
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$1. Introduction and results 


For any given natural number m > 2, and any positive integern = pf! ---p?", 
we call am(n) = pe a ps ---- p8" a m-power residue number, where 3; = 
min(m — 1,a;),1<%7<_r. In reference [1], Professor F Smarandache asked 
us to study the properties of the m-power residue numbers sequence. Yet we 
still know very little about it. 

Now we define two new number-theoretic functions U(n) and V(r) as fol- 


lowing, 


U(1) =1,U(n) =[[p, 
p|n 


V(1) =1,V(n) = V (p*) +» U (per) = (p™ —1)--- (p®" — 1), 


where n is any natural number with the form n = p{'---per. Obviously 
they are both multiplicative functions. In this paper, we shall use the analytic 
method to study the distribution properties of this sequence, and obtain two 
interesting asymptotic formulae. That is, we have the following two theorems: 
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Theorem 1. Let A denotes the set of all m-power residues numbers, then 
for any real number x > 1, we have the asymptotic formula 


3a? 1 
¥ vn) = SIT (14+ sap) +0 (#9), 
neA WS op ie a ia 
n<x 


where € denotes any fixed positive number. 
Theorem 2. For any real number x > 1, we have the asymptotic formula 
2 m 
x 1 1l-—p Eee 
Y ve) = FIL O- Bt set) +0 (e!*). 
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§2. Proof of the theorems 


In this section, we shall complete the proof of the theorems. First we prove 
Theorem 1, let 


_ U(p) , U(p?) (pot) 2 pe. Ue) 
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To! 1 el sg —— le 
: ps) | p2s-l aaree a pon—ls—1 + Ume—l " plmtijs—1 a 
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where ¢(s) is the Riemann-zeta function. Obviously, we have inequality 
3 U(n) 
n=1 ne 

where o > 2 is the real part of s. So by Perron formula [3] 


pS ad = : io f(s+ 50) ds +O (ee a “u) 


nso 2it Jo—iT T 


1 
a= 2° 


|U(n)| <n, < 


40 (2-H (20) min(1, <5*)) +O (oH) min(1, =) 
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where N is the nearest integer to «, ||x|| = |z — N|. Taking so = 0, b = 3, 
T= 22, A(¢):= 2) Be) = —., we have 
1 p3'T ¢(s—1) * 3 
U(n R ds + O(a2** 
oe ~ Qin ie ir ¢(2(s —1)) (s) Ae (ee); 


n<x 


where 


1 
=TI (1: 3 2 Ms 
poe =p 


p 
To estimate the main term 


ok: ie C(s a 1) R(s) . 7 


Qin Js-ir ¢(2(s — 1)) 
we move the integral line from s = 3+7iT tos = 3 + iT. This time, the 
function ¢( La’ 
s—l1)a 
f(s) = = R(s 
= OG=e 
has a simple pole point at s = 2 with residue xy R(2). So we have 


34+iT 3417 3-iT 3 aT C(s _ es 
Qin (UL ae Ho +f) Qieate 
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We can easily get the estimate 


1 3+eT 3-iT\ (sg —1)a° 
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Note that ¢(2) = a from the above we have 


3a? 1 3 
ery (1+ ae =) O (a3). 
neA Pp 2. p p 
N<x 


This completes the proof of Theorem 1. 
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Now we come to prove Theorem 2. Let 


g(8) 
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By Perron formula [3], and the method of proving Theorem 1, we can also 
obtain the result of Theorem 2. 
This completes the proof of the theorems. 
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